
 Closed sets

X a topological space A EX is closed if XIA isopen
Note that sets can be simultaneously open andclosed eg dandD

Defi A EX any subset
1 The closire of A denotedA is the smallestclosed set containing A
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2 The interior of A denoted int A is the largest openset
contained in A i e int A U U

UEA
Uopenw

A int A LionofOpen
y i sets open

iii it
3 The boundary of A denote 2A or Bd A is A int A
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4 A EX isDenise in X if A X

Ex A 0 1 E IR Then
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Ex EIR giventhe subspacetopology

Consider 01T ER suppose GIRL which is open

Thus F x c a b E RIOT but there's some rational number in a b

Thus IRI 05 112 QT is dense in IR

RIK A is closed A A A

LimitPoints
In a metric space we havethe notion of the limit of a sequence
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we also proved there is an equivalentdefinition involvingopen
sets xn x if every open U p contains all but finitely many Xi

We want a notionof limit points of sets more generally

Def 1 X a topological space XEX U is a neighborhood
of if x e U E X and U is open

2 If A EX X cX is a limit peint of A if for every neighborhood

u at x UMM
goinglimit

limitpointsof A



EI 1 is a limit point of 0,1 and of 0,1

I is not a limitpoint ofA o 4 VE since NA B

Remarki If X is a metric space and A EX If x is a limit

point of A V n we can find xnt xs.t.tn cByn x NA

Thus x X converges to X so it's also the limit of a sequencein

A

The A A U limitpoints of A

PI Suppose x A and not a limit point

Then F aneighborhood U at x sit UNA Thus

AE XIU A CXIU so Una 0 so x A
closed

For the other inclusion assume x A Then U X A is an open

neighborhood of disjoint from A so x is not a limit point.D

Limitsotsequencest
an arbitrary topological space Then xz converges to
if for every neighborhood U of X
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For an arbitrary topological space not all limit points of A
are limits of sequences in A

Exi let X lR with topology

T UI XIU is X or countable

check that this satisfies the axioms

let B o l Then BT X so 2 is a limit point

But there is no sequence an CB s t an 2 since

the complement of that sequence is an open neighborhood of

2

Hansdorffspare
calli In a metric space every sequence can convergeto at
most one point

However this is not true in an arbitrary topologicalspace

Exi Consider X IR w the finite complement topology

let ai az be a sequence

Then V x cX a neighborhood Nofx contains all but finitely
many ai so there is some NS.t an C U t hZN



Thus the sequenceconverges to every point of x

We can avoid this by requiring our spaceto beHausdorff

De A top Space X is Hausdo rff if any pair of
distinct points x and x havedisjoint neighborhoods U and

Ua respectively

EI 1 Any metric space is Hausdorff
Belxi Beck
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2 The cofinite topology on IR is not Hausdorff sinceevery
pair of nonempty open sets intersect in infinitelymany

points

3 X w discrete topology is always Hausdorff Ui Ex Ui

4 This 3point set is not Hausdorff

This If X is Hausdorffeverysequence convergesto at most one
point

PI tf x Xz converges to X and X f y choose 4 2XUy7y

disjoint neighborhoods Then there's some ns.t.xnc UXV nsN Thus

Xn Xna EtUy so the sequencedoesn'tconvergeto Y D



Historic Before currentdef of topological space there were
several other proposed definitions some of whichassumed various
axioms now calledthe separation axioms

if V x y distinct one of them has a neighborhoodX
not containing the

qY
Xis if all one point sets are closed

Xi if X is Hausdorff

Clearly T To since T X x is a neighborhoodof y

Thmi If X isHausdorff then every one pointset is closed
i e Tz IT

PI let x cX Then V yeX s t xty can find a

neighborhood U that doesn't contain x

Unsex so y is not a limit point of Six so xT x

x is closed D

The conversedoesn't hold

Ex Cofinite topology is T but not Hausdorff


